Context. Massive AGB (hereafter super-AGB or SAGB) stars ignite carbon off-center and have initial masses ranging between M up , the minimum initial mass for carbon ignition, and M mas the minimum mass for the formation of an iron core collapse supernova. In this mass interval, stars more massive than M n will undergo an electron capture supernova (EC-SN). Aims. We study the fate and selected evolutionary properties of SAGB stars up to the end of the carbon burning phase as a function of metallicity and core overshooting. Methods. The method is based on the analysis of a large set of stellar models covering the mass range 5−13 M and calculated for 7 different metallicities between Z = 10 −5 and twice solar. Core overshooting was considered in two subsets for Z = 10 −4 and 0.02. The models are available on line at http://www-astro.ulb.ac.be/∼siess/database.html. The fate of SAGB stars is investigated through a parametric model which allows us to assess the role of mass loss and of the third dredge-up. Results. Our main results can be summarized as follows: a) prior to C-burning, the evolution of SAGB stars is very similar to that of intermediate-mass stars, being more luminous, b) SAGB stars suffer a large He enrichment at the end of the second dredge-up, c) the limiting masses M up , M n and M mas present a nonlinear behavior with Z, characterized by a minimum around Z = 10 −4 , d) the values of M up , M n and M mas are decreased by ∼2 M when core overshooting is considered, e) our models predict a minimum oxygenneon white dwarf mass of ∼1.05 M , f) the determination of M n is highly dependent on the mass loss and core growth rates, g) the evolutionary channel for EC-SN is limited to a very narrow mass range of < ∼ 1−1.5 M width and this mass window can be further decreased if some metallicity scaling factor is applied to the mass loss rate, h) the final fate of SAGB stars is connected to the second dredge-up and this property allowed us to refine the initial mass range for the formation of EC-SN. We find that if the ratio of the mass loss rate to the core growth rate averaged over the post carbon-burning evolution ζ = Ṁ loss /Ṁ core is greater than about 70−90, the evolutionary path to EC-SN is not accessible.
Introduction
Stars can be divided into different mass categories depending on their evolution and the nature of their stellar remnant. This differentiation is the result of some common physical properties shared by the stellar matter (e.g. Maeder & Meynet 1989; Chiosi et al. 1992) . The minimum mass for carbon ignition is traditionally referred to as M up (e.g. Becker & Iben 1979 and M mas represents the mass limit above which the star ignites neon at the center and evolves throughout all the nuclear burning stages, leading to iron core collapse supernova (e.g. Woosley et al. 2002) . Objects we refer to as super-AGB (SAGB) stars have initial masses between M up and M mas . Their evolution is characterized by the off-center ignition of carbon in conditions of partial degeneracy followed by the inward propagation of a carbon deflagration that transforms the CO core into a oxygenneon (ONe) mixture (Garcia-Berro & Iben 1994; Siess 2006a, hereafter Paper I) . When the flame reaches the center, C-burning proceeds temporarily outward in a shell before complete extinction. At this time, the internal stellar structure is very similar to that of lower mass AGB stars, except that their cores Tables 4 and 5 are only available in electronic form at http://www.aanda.org FNRS research associate.
are more massive and essentially made of neon and oxygen. SAGB stars can thus be considered as the high-mass counterpart of AGB stars and, as such, they will subsequently suffer recurrent thermal instabilities in the He-burning shell (HeBS). If after the carbon burning phase the degenerate core mass grows to the critical value of M EC ∼ 1.37 M (Nomoto 1984) , electron-capture reactions are activated at the center and induce core collapse, leading to the formation of a neutron star (Miyaji et al. 1980 ). Whether or not the SAGB core mass reaches this critical value depends on the interplay between mass loss and core growth which are complicated functions of the initial conditions (mass, composition, stellar rotation, extra-mixing, etc) . If during the post-C burning evolution the mass loss rate is high enough, the envelope is lost before the core mass reaches M EC and the remnant is a ONe white dwarf (WD). On the contrary, if the mass loss rate is not large enough, the endpoint of SAGB evolution is the formation of a neutron star. The initial stellar mass that separates these two regimes is referred to as M n and represents the minimum initial mass for the formation of a neutron star.
The first studies of SAGB stars focused on the explosive stages following the activation of electron capture reactions in the ONe core (Miyaji et al. 1980; Nomoto 1981; 1984; Hillebrandt et al. 1984; Miyaji & Nomoto 1987; Gutiérrez et al. 1996) and as shown by the recent literature on the subject (Wanajo et al. 2003; Dessart et al. 2003; Kitaura et al. 2006) this field is still currently under active investigation. The basis of the (non explosive) evolution of SAGB stars was laid down in the 90's in a series of papers by García-Berro & Iben (1994) , Ritossa et al. (1996) , García-Berro et al. (1997) , Iben et al. (1997) and Ritossa et al. (1999) . Recently, new models have been computed for solar (Gil-Pons & García-Berro 2002; Siess 2006a; Doherty & Lattanzio 2006; Poelarends et al. 2006 ) and primordial composition (Gil-Pons et al. 2005 , 2007 showing a renewal of interest for this specific stellar population.
Although the evolutionary properties of SAGB stars are globally well established, open questions and large uncertainties still remain. As an illustration, the relation between the initial mass and the final fate of SAGB stars has not received much attention (Poelarends et al. 2007 ). The fraction of stars with initial mass between M up and M mas which evolve into the ONe WD and electron capture supernova (EC-SN) channels is largely uncertain and very dependent on composition, mass loss rate or internal mixing (Eldridge & Tout 2004) . In addition, little is known about the nucleosynthesis of s-nuclei during the thermally pulsing super-AGB (TP-SAGB) phase (Ritossa et al. 1996) and about the possibility (Sumiyoshi et al. 2001; Wanajo et al. 2003) or not (Kitaura et al. 2006 ) of r-process nucleosynthesis during the EC-SN explosion. The lack of realistic models covering a large range of metallicities means the contribution of SAGB stars to galactic chemical evolution is rather speculative.
In this paper we address some of the above mentioned issues using two homogeneous sets (with and without core overshooting) of SAGB models which cover a wide range of initial masses and compositions. In particular, emphasis is placed upon the dependence of M up and M mas on the initial composition, treatment of core overshooting and interplay between mass loss and core growth.
Observational evidence of SAGB stars has been indirectly provided by the study of neon novae (José & Hernanz 1998) which are characterized by a neon overabundance and the presence of Si-Ca nuclei in their ejecta (José et al. 2001) . Recently Gil-Pons et al. (2003) showed that approximately 1/3 of the observed novae outbursts may host an ONe WD. They are thus quite numerous and this may explain in part why the mass distribution of WDs in galactic novae systems exhibits a peak around 1 M (Webbink 1990) .
Concerning single WDs, their mass distribution presents the canonical peak value around 0.6 M but also displays an extended tail toward higher masses characterized by an excess with masses between ∼1.0 and 1.2 M (Finley et al. 1997; Marsh et al. 1997; Vennes 1999; Liebert et al. 2005) . The origin of these massive WDs is not clearly established and different options have been proposed (Weidemann 2000) . They rely on the merging of CO WDs as a result of binary evolution (e.g. Segretain et al. 1997; Guerrero et al. 2004) , on the lifting effect of rotation that is able to increase the WD mass significantly by the time the first thermal pulse develops (Dominguez et al. 1996) or on the evolution of stars more massive than M up , i.e. on SAGB stars (e.g. Iben et al. 1997) . In any case, without knowledge of the mass, identification of isolated ONe WDs is extremely difficult because their cores are covered by a C/O layer coming from the accretion of the ashes of shell He burning, surrounded by a H and He rich envelope which makes them spectroscopically almost indiscernible from C/O WDs.
Recent identification of the progenitors of type II-P SNe revealed that these explosions tend to be associated with red supergiants with masses lower than about 15 M . Of particular interest in our case are the mass estimates for SN2003gr (6−12 M , Hendry et al. 2005) , SN2004A (7−12 M , Hendry et al. 2006) , SN2005cs (7−13 M , Maund et al. 2005) and SN2006my (7−15 M , Li et al. 2007 ). The robust limits set on the mass of these progenitors rule out the possibility of a scenario involving the explosion of massive stars surrounded by a thick ( > ∼ 15 M ) hydrogen envelope (Zampieri et al. 2003) . Instead it favors the alternative model developed by Chugai & Utrobin (2000) of a low-energy explosion involving a lowmass star, potentially a SAGB star, as was originally proposed for the Crab Nebula (Hillebrandt 1982; Nomoto et al. 1983) . SAGB stars thus appear to play a central role in type II-P SNe and further investigations into their ultimate evolution is of prime interest.
The transition masses are fundamental quantities not only in the framework of improving our knowledge of the evolution of massive AGB stars and testing our models, but also in relation to many astrophysical fields. A better determination of M up and M n will provide useful information concerning the initial-final mass relation of very massive (>1 M ) WDs (see Ferrario et al. 2005 for an interesting discussion of the implication of a high mass tail in the WD mass distribution in terms of binary mergers) which is a fundamental ingredient for modeling WD populations, or to estimate the amount of mass returned to the interstellar medium. Changing the values of M n and M mas modifies the rate of iron core collapse SN (Type II, Ib and Ic) which indirectly influences the composition, kinematics and structure of the interstellar medium (e.g. Ratnatunga & Van Den Bergh 1989) and thus the process of star formation (e.g. Cappellaro et al. 2005) . Furthermore, the stellar yields are directly related to these limiting masses because depending on the evolutionary endpoint, the nucleosynthetic output will be different. In this respect, the yields from SAGB stars remain largely unknown.
The plan of this paper is as follows: in the next section we present the modifications made to our stellar evolution code with respect to Siess (Paper I) and the initial compositions used for our models. In Sect. 3, we provide a general description of the evolutionary features of SAGB stars up to the beginning of the TP-SAGB phase as a function of metallicity, focusing on the carbon burning phase. Then we analyze the different mass transitions, M up and M mas , and in Sect. 4.3, with the help of a simple model, we investigate the dependence of M n on mass loss and core growth rates. In Sect. 5 we analyze the fundamental role of the second dredge-up and discuss the implications of these transition masses in terms of He core properties. Finally, in Sect. 7, we summarize our results.
Input physics and initial models
Our models are calculated with the stellar evolution code STAREVOL as described in Paper I with the following differences concerning the mass loss rate, the treatment of convective mixing and the initial composition.
For the mass loss, we use Reimers formula (1975) with η = 1 and a correction factor √ Z/Z (Kudritzki et al. 1987) until the end of the core helium burning and then switch to the Vassiliadis & Wood (1993) prescription without metallicity dependence. It should be noted that little mass is removed by the end of He burning (M HeBS in Table 1 ) and in the most conservative case where this scaling is not applied to the Reimers law, we find that at most an additional ∼0.1 M is lost. This represents less than ∼1−2% of the stellar mass. So, as a conclusion, our computations are almost equivalent to ignoring this correction factor. Concerning the treatment of convection, we use the standard mixing length theory (with α = 1.75 coming from solar fitting models) and the Schwarzschild criterion to delineate the convective boundaries. Instantaneous mixing is performed inside each convective zone at each iteration during the convergence process. For the models including core overshooting, mixing is treated as a diffusive process (Freytag et al. 1996; Blöcker et al. 1998) where the diffusion coefficient beyond the convective boundary is represented by an exponentially decreasing function of the radius given by D(r > r core ) = D core × exp[2(r core − r)/( f over × H core P )] depending on the parameter f over where r core , H core P and D core are the radius, the pressure scale height and the convective diffusion coefficient at the edge of the core.
Core overshooting is generally invoked to account for the observed distribution of stars across the HR diagram (e.g. Schaller et al. 1992; Salasnich et al. 1999) . Typical values of f over range between ∼0.01 and ∼0.035 (e.g. Costa et al. 2006 ) and in our simulations, we opt for f over = 0.016. Note that overshooting is only applied at the edge of the convective core.
The initial solar composition is taken from Grevesse et al. (1996) . For non-solar metallicities, the initial hydrogen mass fraction is given by X = X BB + (X − X BB )(Z/Z ) where the primordial (Big Bang) value X BB = 0.7521 is taken from Coc et al. (2004) . The initial mass fractions of metals are scaled from the solar values and the initial helium mass fraction is given by 
Evolutionary properties up to the end of carbon burning
In this section, we discuss some evolutionary properties of SAGB stars up to the end of the carbon burning phase where the computations were (temporarily) stopped. All the models and tables can be retrieved on the author's website at http://www-astro.ulb.ac.be/∼siess/database.html. Additional material including the surface composition at the end of the first and second dredge-up is also available online in the electronic version of this paper. Comparisons with existing models (mostly solar) as well as the effects of varying the physical inputs can be found in Paper I and are not reproduced here.
H and He burning phases
Up to core helium exhaustion, the evolution of SAGB stars is very similar to that of intermediate mass stars. H burning takes place in a convective core and is followed by the deepening of the convective envelope during the first dredge-up (1DUP). Then, when the central temperature reaches 10 8 K, He ignites and convection resumes in the core.
An interesting feature in relation to the fate of SAGB stars is the dependence of the maximum size of the convective core (during central H and He burning) on metallicity (Fig. 1 ). Similar to their lower mass counterparts Cassisi & Castellani 1993) , the convective core of SAGB stars during central H and He burning reaches a maximum extent around Z = 10 −4 . This behavior is attributed to the fact that with decreasing metallicity, the star develops higher central temperatures to compensate for the decrease of nuclear energy production associated with a lower CNO content and larger radiative losses from the surface (the envelope opacity decreases with Z and the luminosity increases). As explained in , when the metallicity approaches 10 −4 , these effects reach saturation: the contribution of metals to the opacity vanishes and the nuclear energy production, partially transferred to the pp chains, becomes less centrally confined. Below Z = 10 −4 , the structure does not change much but the nuclear energy production slightly decreases because Z CNO decreases. As a result, the core mass decreases below Z 10 −4 . Contrary to the previous trend, the metal rich Z = 0.04 models develop more massive H convective cores than their solar counterparts. This exception is related to the variation of the initial helium content with metallicity. Indeed, as Z spans three orders of magnitude from 10 −5 to Z = 0.02, Y increases by only 0.02 in mass fraction (8%) while in the metallicity range Z = 0.02−0.04, it increases by 11%, passing from 0.27 to 0.30. Such a large helium enrichment overwhelms the opacity effect associated with the metal enhancement and the envelope opacity globally decreases. As a result, the star develops a larger convective core during the H-burning (see also Bono et al. 2000) .
The core properties during central He burning are inherited from those established during the main sequence ( Fig. 1 ) and logically the size of the He core reaches a maximum around Z 10 −4 and a minimum near the solar value. Note however that for the Z = 0.04 models, this increase in the core mass only affects stars with M ini > ∼ 9.5 M .
At H ignition, a convective core develops that rapidly reaches its maximum extent as the CN cycle comes to equilibrium. During the main sequence, overshooting does not substantially increase the maximum core size but it does contribute to replenishing the central burning regions with the unburnt H that surrounds the convective zone. As a result, convection recedes more slowly, leading to a longer main sequence (τ H ) lifetime.
The situation is however different during central He burning because the layers surrounding the core are dynamically unstable. In this case convection grows in mass as burning proceeds and overshooting has a greater impact. As can be seen from Table 1 the core mass is increased by 0.3 to 0.6 M . Because the stellar luminosity is higher (bigger cores generate more energy), the duration of the He-burning phase (τ He ) is shortened and the ratio τ He /τ H is about a factor of 1.5 to 2.5 lower than in the models without overshooting. By increasing the He core size, overshooting makes the star behave as if it was initially more massive.
Like intermediate-mass stars of the same composition, all our models with Z > 0.001 experience the 1DUP and, in the HR diagram, the star moves to the red giant branch (RGB), burning hydrogen in a shell above a contracting core essentially made of 4 He (central mass fraction ∼0.96−0.99). Below Z ≤ 0.001, because of the higher internal temperature of metal poor stars, He ignites soon after central H exhaustion and the 1DUP is avoided. The presence of overshooting does not affect this evolutionary feature. For models where the 1DUP takes place, surface composition changes (Table 4) 22 Ne reflects the partial activation of the NeNa chain. Given the (relatively) low temperature (<5−6 × 10 7 K) of the H burning shell (HBS), the MgAl chain is marginally activated, yielding a small destruction of 25 Mg and increase in 26 Mg (Arnould et al. 1999) . Note that the presence of extra mixing at the base of the convective envelope (not taken into account in these simulations) would exacerbate the chemical modifications and contribute for example to further decrease the 12 C/ 13 C ratio as observed (e.g. Charbonnel 2006) .
Nucleosynthesis during core He burning leads primarily to the production of 12 C and 16 O via the 3α and 12 C(α, γ) 16 O reactions respectively and also to the conversion of 14 N into 22 Ne by the reaction chain 14 N(α, γ)
Ne. The central 12 C abundance strongly anti-correlates with the core mass implying that more massive cores develop higher internal temperatures (Fig. 2) . Consequently the C/O ratio in the core decreases with increasing initial mass and thus if overshooting is present. Typical values (expressed in terms of the mass fraction ratio) range between ∼0.3 and ∼0.6, in agreement with the calculations of Straniero et al. (2003) . Now, if we analyze the behavior of the central abundances of C, O or of the C/O ratio with metallicity when the initial mass is fixed, no clear trend emerges from our simulations. A reason for this lack of correlation may be related to the fact that, as pointed out by Imbriani et al. (2001) , the final O abundance is very sensitive to the evolution of the core properties near the end of central He burning which obviously does not depend linearly on composition. Furthermore, as discussed in Sect. 4.1, the modeling of core He burning is subject to large uncertainties associated with the unstable nature of the convective boundaries. All these considerations make the determination of the C/O ratio as a function of Z highly uncertain (Imbriani et al. 2001) . Models with overshooting develop more massive and hotter cores. As a consequence, for a given M ini , they favor the 12 C(α, γ) 16 O reactions and thus the depletion of 12 C.
The C-burning phase
At central He exhaustion, the temperature maximum T max increases and moves outward as a consequence of neutrino emission. In stars with M ≥ M up , the peak temperature reaches T max ∼ 6 − 6.5 × 10 8 K and carbon ignites off-center. As shown in Fig. 3 , the mass coordinate of C-ignition m igni is a decreasing function of M ini . This is simply explained by the fact that, with increasing core mass, the central degeneracy is lower and the star maintains its maximum temperature closer to the center. This also implies that C ignites at a smaller radius (thereafter r igni ) when M ini increases. The dependence of m igni on metallicity is essentially linked to the opacity effects that affected the core mass during the central H and He burning phases. Thus, for a given initial mass, m igni presents a minimum around Z = 10
and a maximum around Z = 0.02. This conclusions also holds if core overshooting is considered. The main difference is that the minimum mass for carbon ignition is lowered by ∼2 M in the overshoot models (see Sect. 4.1).
Once carbon ignites, the evolution proceeds in two steps (Siess 2006a,b) : first a convective carbon flash which induces a structural re-adjustment leading to a temporary quenching of the convective instability and then the development of a convective flame which propagates to the stellar center (Fig. 4) . Selected evolutionary properties during the C-burning phase are presented in Table 2 .
The strength of the carbon flash (L flash C max which measures the nuclear luminosity in the C-burning shell) is essentially determined by the state of degeneracy of the plasma at the ignition point. Lower mass stars develop higher core degeneracy and generate stronger flashes. The duration of the flash (τ flash ) does not always correlate with the flash intensity. As explained in Paper I, this is due to the fact that τ flash depends on the rate at which 12 C is depleted which in turn depends on the initial carbon abundance in the core, on the thermodynamical conditions in the flash and on the extent of the convective instability (Δm flash ). This is why there is not a simple one-to-one correlation between τ flash and Δm flash .
The time needed for the flame to reach the center τ flame depends on how far out (in radius) it ignites and on its velocity. Timmes et al. (1994) showed that the deflagration speed is proportional to T 14 , where the temperature T is evaluated at the base of the burning front. The flame will consequently propagate more rapidly in models with higher internal temperatures, i.e. in stars with more massive cores, which also have the smaller r igni . By increasing the core mass, overshooting contributes to lower τ flame . Comparisons of the flame speed with previous studies (Paper I) indicate a relatively good agreement (at least at solar metallicity where numbers are available). Note that a good estimate of the flame speed is given by v flame = r flame /τ flame , where r flame and τ flame can be found in Table 2 . Typical values are in the range 10 −3 −10 −2 cm s −1 . Finally, in the most massive stars where the carbon flash ignites very close to the center, for m igni < ∼ 0.05 M , there is only one convective episode and no flame (e.g. 11 M with Z = 0.008, 11.3 M with Z = 0.02, 11 M with Z = 0.04 and the two Z = 0.02 models with overshooting having M ini = 9.0 and 9.1 M ). Ritossa et al. (1996) . The case of 24 Mg is interesting because the heat released by electron capture reactions on this element during a subsequent EC-SN event may be able to raise the temperature above the threshold for explosive oxygen burning, thus affecting the hydrodynamical collapse. However, the abundance of 24 Mg found in our models is always too small (by a factor ∼10) compared to that required to produce an explosion able to disrupt the SAGB star (Gutiérrez et al. 2005) .
Similarly, 12 C can play an important role in the explosion if the conditions for core collapse are reached. According to the numerical simulations of Gutiérrez et al. (2005) , traces of unburnt 12 C as small as 1.5% by mass are sufficient to ignite a thermonuclear SN (as in Type Ia) which will reverse the collapse and disrupt the core. This threshold core carbon abundance is exceeded in some of the lowest mass models .6, 8.8, 9 .0}, Z = 0.008; M = {7.5}, Z = {0.02 and overshooting}) which are not expected to follow this explosive evolutionary path, unless of course a companion is present.
The central 20 Ne and 16 O abundances are of primary nature and thus metallicity independent. For increasing core mass, 20 Ne decreases. We also note that 20 Ne+ 16 O is almost constant, ranging between 0.87 and 0.92. The central O/Ne ratio varies between ∼1.5 and ∼3.5 and similarly to the C/O ratio at the end of core He burning, no clear correlation with metallicity can be established.
Evolution up to the beginning of the TP-SAGB phase
The time of occurrence of the second dredge-up depends on the stellar evolutionary timescale. With increasing mass, the time interval between central He exhaustion and carbon ignition reduces. In SAGB stars it becomes shorter than the time needed for the convective envelope to reach its deepest extent and the completion of the second dredge-up (2DUP) is postponed either at the beginning, during or at the end of the C-burning phase (e.g. Siess 2006a). As studied by Iben et al. (1997) , the onset of C-burning hinders the inward penetration of the envelope which further delays the realization of this deep mixing event. In summary, the 2DUP occurs later in the evolution as the mass increases or if core overshooting is taken into account.
A unique feature of SAGB evolution is the ability for the models with initial masses close to M mas to experience the socalled "dredge-out" event Siess 2006b; Siess & Pumo 2006c) . This phenomenon occurs near the end of the C-burning phase when the 2DUP comes to completion. It is characterized by the formation of a convective zone in the HeBS which grows outward in mass and merges with the descending convective envelope (Fig. 4) . Dredge-out is present in the following models: 9.5M with Z = {10 −5 , 10 −4 ,10 −3 }, 10 M with Z = {0.008,0.004}, 10.8 M with Z = 0.02, 7.5 M with overshooting and Z = 10 −4 and is responsible for a large surface enrichment in 4 He and 12 C, leading to the formation of a C-rich star.
Concerning the modifications to the surface abundances, it is important to note the existence of a critical initial mass, hereafter referred to as M 2DUP (see Sect. 6 for details), above which the 2DUP does not lead to a reduction of the H-free core. For SAGB stars in the mass range M up M ini M 2DUP , the envelope penetrates below the HBS and leads to a potentially large surface helium enrichment by 40−50% compared to the 1DUP value (Table 4 vs. 5). Aside from this main feature, the chemical signatures of the 2DUP are similar to those affecting the star dur-8 L. Siess: Grid of SAGB models and their fate Table 2 . Selected evolutionary features during the C-burning phase as a function of M ini . The quantities shown are: the time (t igni in 10 7 yr) and stellar mass (M igni in M ) at C-ignition, the radius (r igni in km) and mass coordinate (m igni in M ) of C-ignition, the degeneracy at that location (η flash ), the maximum carbon luminosity during the flash (L flash Cmax in L ), the duration of the flash (τ flash in yr), the mass covered by the convective instability during the flash (Δm flash ), the radius (r flame in km) and mass coordinate (m flame in M ) where the flame develops, the maximum carbon luminosity during the flame (L flame Cmax in L ) and the duration of the flame (τ flame in yr). When carbon ignites at the center (r flash = 0) Δm flash corresponds to the maximum extent of the convective C-burning core. ing the 1DUP as in both cases the ashes of H burning are brought to the surface. We note however a slightly larger contribution from the elements participating in the NeNa and MgAl chains. In stars with M ini ≥ M 2DUP , the surface composition changes are small due to the fact that the envelope engulfs a region that was previously homogenized with the products of H-burning during the first dredge-up. The only noticeable exceptions are the low metallicity models (Z ≤ 0.001) which did not experience the 1DUP. Because of their low initial metal content, surface enrichment can be large. For instance, in the Z = 10 −5 models, the 12 C abundance can be multiplied by a factor 10 to 200 depending on the initial mass, but these mass fractions remain anyway relatively low. Table 5 provides the surface mass fractions of the main elements at the end of the second dredge-up.
After completion of the 2DUP and extinction of carbon burning, the stellar luminosity is almost entirely supplied by the HeBS since H burning is switched-off during the 2DUP. The core is now strongly degenerate and isothermal and does not contribute significantly to the release of gravothermal energy. During the so called "early-AGB phase", the convective envelope retreats and the HeBS advances in mass until it approaches the H-He discontinuity. There, it loses its efficiency and allows the overlying layers to contract and re-heat. The HBS then reignites and the star enters the TP-SAGB phase. Details of this evolution as well as of the nucleosynthesis will be provided in a forthcoming paper, however some features can already be anticipated from Siess (2006b Siess ( , 2007 .
Mass transitions
In this section, we determine and analyze the different limiting masses and, in the first place M up , the minimum mass for carbon ignition.
The mass transition M up
For each metallicity, the value of M up was estimated by taking the mean between the initial mass of the least massive model that ignites carbon and the initial mass of the most massive model that does not. A typical error equal to half of the difference between these 2 limiting values was then assigned. It is important to stress that this error does not represent the true uncertainty on the value of M up which, in reality, is much larger. A realistic estimate of this uncertainty should take into account the effects associated with the use of different physical inputs or numerical schemes/resolutions. In a recent paper, Poelarends et al. (2007) showed that the main source of uncertainty affecting the initial mass range of SAGB stars comes from the treatment of semiconvection and convective overshooting. Using three different stellar evolution codes characterized by three different mixing prescriptions, they found that M up varies between 7.5 and 9.0 M for the same initial composition.
The ability for a star to ignite carbon depends primarily on its CO core mass. If it is too small, the heat released by core contraction at the end of central He burning is not sufficient to overcome the energy lost by the neutrinos and the threshold temper- (Dominguez et al. 1999) , Um (Umeda et al. 1999) , Bo (Bono et al. 2000) , Ca (Cassisi & Castellani 1993 ), Ch ), Be (Becker & Iben 1979) , Gi (Girardi et al. 2000) , Po (Pols et al. 1998). ature for C-ignition cannot be reached. This is why the behavior of M up with metallicity is similar to that of the convective core during He burning, showing for stars with M ini ≤ 9.5 M only one extrema around Z = 10 −4 (Fig. 5) . Our "standard" values of M up computed without overshooting are generally larger by 0.5−2 M compared with other data using the same treatment of mixing (Dominguez et al. 1999; Umeda et al. 1999; Bono et al. 2000) except for the Becker & Iben (1979) models where the agreement is quite good. The origin of the differences is difficult to determine because it involves evolutionary sequences obtained by means of different evolutionary codes with different input physics and not all the authors provide a full description of the numerical algorithm used in their simulations. The situation is further complicated by the fact that the value of M up critically depends on the size of the He burning core which is extremely sensitive to both numerical and physical inputs. In our calculations, special attention was paid to prevent any kind of diffusion at the Schwarzschild boundary, allowing us to precisely determine the effect of extra-mixing when it is incorporated in the computation. It is not within the scope of this paper to describe the numerical treatment of core He burning and its effects on the structure, however we simply mention one numerical experiment: if, in the algorithm for grid definition which is called at the beginning of each new time step, we allow the addition or removal of a shell located precisely at the convective interface, because we do not know the composition that must be assigned to this new mesh point, we inevitably introduce some diffusion. This numerical diffusion then propagates and because the layers surrounding the convective He core are unstable to semiconvection (e.g. Straniero et al. 2003 , for a recent discussion), we end up forming a core > ∼ 0.1 M more massive, corresponding to an equivalent increase of >0.5 M in M ini . This example illustrates how difficult it is to determine precisely the extent of the convective region during central He burning and how it depends on apparently insignificant technical details. Our "conservative" approach minimizes mixing and, as such, we logically end up with the smallest He cores i.e. the highest values for M up .
This comparison also shows that the minimum in M up varies between Z ≈ 10 −3 (Bono et al. 2000; Cassisi & Castellani 1993 ) and Z ≈ 10 −4 in the models of Dominguez et al. (1999) and in ours. We note however that the computations of Bono et al. (2000) assume a lower initial He abundance of Y = 0.23 for Z < 0.01 compared to ∼0.245 in our models. This difference can account for a vertical shift of M up (He rich stars develop more massive cores) but hardly explains the metallicity offset. This mass shift is quite surprising since Dominguez et al. (1999) use the same code and initial composition as Bono et al. (2000) but find a minimum in M up around Z = 10 −4 . Overshooting represents an extension of mixing beyond the formal convective boundary and leads to an increase in the core size. This process makes the star behave as if it was initially more massive and M up is consequently lowered by ∼1.5−2 M , passing from 7.25 ± 0.25 M to 5.75 ± 0.25 M at Z = 10 −4 and from 8.90 ± 0.10 M to 7.25 ± 0.25 M at Z = 0.02 (see Table 3 and Fig. 5 ). The magnitude of this effect is in good agreement with the recent study by Gil-Pons et al. (2007) . Comparisons of our results with other computations including core overshooting (Bertelli et al. 1985; Castellani et al. 1985; Maeder & Meynet 1989; Girardi et al. 2000; Pols et al. 1998) show that C ignites at a higher initial mass in our models, implying a smaller core during the He burning phase. The reason for this discrepancy can be ascribed to the treatment of overshooting. Contrary to our diffusive approach, these authors (with the exception of Pols et al. 1998 ) used the "old recipe" in which instantaneous mixing is performed over a small region encompassing a fraction d of the pressure height scale at the core border (d × H P ). With 0.25 ≤ d ≤ 0.5, this generates a much larger overshooting compared to that of our diffusive treatment with f over = 0.016 1 , explaining why M up is lower in their simulations.
In summary, the determination of M up is highly dependent on the treatment of mixing at the edge of the convective He core. In this context, our values for M up without overshooting must be considered as upper limits since diffusion was completely suppressed at the Schwarzschild boundary.
The mass transition M mass
According to Nomoto (1984) , if the ONe core mass (M ONe ) at the end of the C-burning phase is greater than 1.37 M , the star proceeds through all nuclear burning stages and evolves into an iron core collapse SN. Following this definition, all our models having M ONe above the horizontal solid line of Fig. 6 are tagged as "massive stars". M ONe is defined as the mass coordinate of the top of the C-burning layer where the nuclear energy production due to 12 C+ 12 C reactions has dropped below 10 erg g −1 cm −3 . Note that this definition is equivalent (to less than 0.01 M ) to defining the core edge as the location e.g. where the 24 Mg abundance becomes larger than 10 −3 in mass fraction. The end of the C-burning phase is defined as the time at which the peak temperature has decreased below 5.5 × 10 8 K and the carbon luminosity is less than 10 L or just before neon ignites (i.e. when the neon luminosity in modulus is greater than 10 8 L or is twice the carbon luminosity). This unusual definition of the end of C-burning was imposed by the fact that using central abundances would not have accounted for the secondary carbon flashes that develop after the flame has reached the center. The value of M mas is then determined by interpolating in our grid of models the value of M ini such that, at the end of the C-burning phase, M ONe (M mas ) = 1.37 M .
M mas is directly connected to the core mass at the end of He burning and therefore shares the same properties: a minimum around Z = 10 −4 and a maximum around Z = 0.04 (Fig. 5) . We also find that prior to C-ignition, little mass is lost by the star, thus making the determination of M mas weakly dependent on the assumed mass loss rate prescription (Eq. (A.3) ). Concerning the effects of overshooting, they are similar to those affecting M up and the value of M mas is globally decreased by ∼2 M , passing from 8.9−9.7 M to 7.1−7.6 M for Z = 10 −4 and from 10.3−10.9 M to 8.3−8.9 M for Z = 0.02 (see Table 3 ).
The minimum mass of our ONe WDs, deduced from Fig. 6 , is of the order of ∼1.05−1.10 M (Table 3) , in agreement with the recent theoretical estimates of Gil-Pons et al. (2005) . We note however that the minimum ONe WD mass is larger in our overshoot models, possibly because these stars develop more massive and thus hotter and less degenerate cores. Finally, let us emphasize that these numbers must be considered as lower limits since rotation, which would affect the size of the core, is not included in the simulations.
The mass transition M n
The fate of SAGB stars depends on the evolution of the degenerate core mass after C-burning and whether or not it reaches the threshold value of M EC ∼ 1.37 M . If the envelope is expelled before this critical value is attained, the SAGB star ends its life as a ONe WD otherwise electron captures are activated and a supernovae explosion ensues. To determine the outcome of the evolution, we thus need to estimate the mass accreted onto the ONe core (ΔM core ) during the post C-burning phase. The rate of change on the envelope massṀ env is given bẏ
( 1) whereṀ loss (≥0) andṀ core (≥0) represent the mass loss and core growth rates, respectively. The post C-burning evolutionary timescale is given by τ evol = min(τ core , τ env ) where τ core and τ env are defined by
In these equations, the origin of times has been shifted to beginning of the SAGB phase, when the carbon burning luminosity L C < 10L and the 2DUP is completed. At this time, the core and envelope masses are equal to M 
If this condition is satisfied, the maximum mass accreted onto the core before the envelope is lost is simply given by
It is important to note that in this approach ΔM core only depends on the initial envelope mass and on the ratio ζ =Ṁ losṡ M core ≥ 0:
If the third dredge-up (3DUP) is present during the TP-SAGB phase with an efficiency 2 λ, the core growth rate is reduced and its effective value is then given bẏ
Typical core growth rates for SAGB stars can be found in the literature (Poelarends et al. 2006 (Poelarends et al. , 2007 Siess 2006b Siess , 2007 and are of the order of 5 × 10 −7 M yr −1 . Figure 7 illustrates the strong sensitivity of ΔM core to the different parameters (see also Poelarends et al. 2006 Poelarends et al. , 2007 
This approach is very simple and is far from reaching the level of sophistication of synthetic models (e.g. Marigo et al. 1996; Izzard et al. 2006) . However, because our ultimate goal is to determine the endpoint of the evolution, such a refinement is not necessary. We do not intend to follow in this paper the 2 By definition λ = ΔM dredge ΔM H is the ratio between the amount of mass dredged-up by the convective envelope ΔM dredge by the amount by which the core mass has increased during the preceding interpulse period ΔM H , respectively. detailed nucleosynthesis and structural evolution which would certainly require a more accurate description of the evolutionary properties of the SAGB star. Furthermore, we emphasize that no stellar models describing the full TP-SAGB phase are available yet, so even synthetic models would suffer large uncertainties in this mass range, especially concerning the free parameters λ, M loss and M EAGB core . Our approach minimizes the problem by hiding our "ignorance" in the parameter ζ and by skipping the details of the TP-SAGB evolution.
The value of M n as a function of metallicity and ζ is presented in Fig. 8 . Provided the dredge-up parameter λ remains less than one, M n is confined to the mass range M up < M n < M mas . In the case of very strong mass loss or very efficient 3DUP (ζ very large), the amount of mass accreted onto the core is small. In these circumstances, only the most massive stars will enter the EC regime and M n lies very close to M mas . Conversely, ifṀ core approachesṀ crit core , even the least massive stars that ignite carbon (i.e. those with M ini M up ) will be able to develop a core exceeding M EC and in this case M n approaches M up .
Without metallicity dependence in the mass loss rate, the M n curves homothetically moves from M mas to M up as ζ decreases. We also note that a maximum is present around Z = 0.02. This latter feature results from the larger ONe core mass at the end of the C-burning phase for the He-rich Z = 0.04 models with M ini > ∼ 9.5M (Fig. 1) . If now a scaling factor √ Z/Z (Kudritzki et al. 1987 ) is applied toṀ loss , the shape of the curves changes as illustrated in the top panel of Fig. 8 . We emphasize that this treatment of the metallicity dependence is not accurate because during the TP-SAGB phase the surface composition changes as a result of hot bottom burning and/or 3DUP episodes. However even with this limitation, this model illustrates the important point that at lower metallicities, because of the reduced Fig. 8 . The behavior of M n (solid lines with symbols) for our models without overshooting as function of initial metallicity and ζ. M up and M mas are also shown (lower and upper long-dashed lines, respectively). Below M up , evolution leads to the formation of a CO WD, between M up and M n the outcome is the formation of a ONe WD, above M n , the evolutionary endpoint is the formation of a neutron star and for M ini > M mas the star evolves through all nuclear burning stages up to iron core collapse SN. The short-dashed line represents the value of M 2DUP above which the second dredge-up does not take place. As seen in Sect. 5, stars with M n > M 2DUP avoid the EC-SN channel. In the upper panel, a metallicity dependence of √ Z/Z has been applied to the mass loss rate in the determination of M n . mass loss rate efficiency (Bowen & Willson 1991) , more mass can accumulate on top of the core. The formation rate of ONe WDs is thus considerably reduced and restricted to a narrower mass range: for a given ζ the region between M up and M n decreases with Z. A corollary of this implication is that the supernova rate must have been larger in the past as a consequence of additional contributions from EC-SN (see also Gil-Pons et al. 2007 and Poelarends et al. 2007 ).
Trying to estimate ζ is a difficult task. Given the high temperature of the HBS in SAGB stars (>10 8 K, Siess 2007), the typical interpulse core growth rate is of the order of ∼5 × 10 −7 M yr −1 . This value depends however on the ability of the convective envelope to penetrate into the CO rich region of the thermal pulse during the 3DUP. In the abundant literature on AGB stars (Herwig 2005) , the characteristics of 3DUP (time of occurrence, depth, long term evolution) are still debated and are sensitive to numerical factors such as spatial resolution (Straniero et al. 1997) , interpolation of constitutive variables (Pols & Tout 2001) , definition of the convective boundaries (Frost & Lattanzio 1996) or to the method used for solving the stellar structure equations (Stancliffe 2006), but also to the physical mixing processes acting at the base of the convective envelope (rotational mixing, gravity waves or overshooting). For λ in the interval [0,0.9] (see Karakas et al. 2002 for a study of the dependence of λ on Z and M ini in lower mass AGB stars), we can estimate that 5 × 10 −8 < ∼Ṁcore /(M yr −1 ) < ∼ 5 × 10 −7 . The mass loss rate is also affected by large uncertainties and depends on many parameters such as chemical composition or extra mixing. The case of SAGB stars is particularly ambiguous because no specific mass loss prescription is available, reasonable values range between the usual rates for intermediate and massive stars. For a typical SAGB star of ∼10 5 L , ∼1200 R and T eff 3000 K, the Vassiliadis & Wood (1993) prescription givesṀ 1.5 × 10 −4 M yr −1 while the Blöcker (1995) formulation leads to 8.5 × 10 −3 M yr −1 and the de Jager (1988) prescription for massive stars to 5.3 × 10 −6 M yr −1 . These estimates illustrate the large range of plausible values, which may be further affected if rotation and/or metallicity dependence are accounted for. In addition, these numbers represent instantaneous rates which may not correspond to the average values we are looking for. Estimates ofṀ env = M EAGB env /τ evol based on the models of Karakas (2003) indicate that in the mass range ∼6−6.5 M , M env 5 × 10 −6 −10 −5 M yr −1 with a clear tendency forṀ env to increase with M ini . So we may consider 5 × 10 −6 M yr −1 as a reasonable lower estimate for SAGB stars. For the higher possible value ofṀ env we hypothetically assume 10 −4 M yr −1 . With these numbers, ζ varies between a few tens to almost 10 5 when λ is very small. For a "realistic" choice of the param- Fig. 8 and assuming no metallicity dependence inṀ env (lower panel), we find that the supernova-channel for SAGB stars (the area between M n and M mas ) is limited to a narrow mass range of ∼1−1.5 M width at most. It may concern stars with initial masses ranging between 8−9 M at very low Z and up to 9.5−11 M at solar metallicity. If a scaling factor is applied to the mass-loss rate in the calculation of M n , the occurrence of EC-SN is strongly enhanced and below Z < ∼ 10 −3 , the formation of ONe WDs appears very difficult through the single stellar evolution channel.
Finally, as for M up and M mas , the consideration of core overshooting in the computations leads to a downward shift of all the masses by ∼2 M . In this case, solar metallicity stars of ∼7 M could evolve to EC-SN.
The impact of the second dredge-up
As well as bringing nuclearly processed material to the surface, the 2DUP also contributes to mixing hydrogen inward. As such, it has the ability to hamper an eventual core collapse by reducing the H-exhausted core mass below a critical value M 2DUP crit close to the Chandrasekhar mass limit (M Ch ). In practice, M 2DUP crit is determined by extrapolating linearly the low values of the H-depleted core mass (M 2DUP H−free < M EC in Fig. 9 ) at the mass coordinate corresponding to the intersection of the M 2DUP H−free curves with M EC . Our simulations indicate that M 2DUP crit 1.28 ± 0.01 M and 1.35 ± 0.01 M for the models without and with overshooting, respectively ( Table 3) .
As displayed in Fig. 9 , for each set of models, the H-exhausted core mass steadily increases with M ini and abruptly jumps above ∼2.4−2.6 M as it approaches M 2DUP crit . In all cases, the jump occurs in a narrow mass interval of < ∼ 0.5 M width, marking a clear transition to core collapse structures (Podsiadlowski et al. 2004 ). For decreasing metallicities and/or if overshooting is taken into account, the star develops a more massive core and the 2DUP occurs at a lower initial mass. The initial mass where this transition occurs is referred to as M 2DUP and is determined by linearly interpolating our data at the point where M 2DUP H−free (M 2DUP ) = M 2DUP crit . As for M mas , the value of M 2DUP is weakly dependent on the mass loss rate. We also note the increasing reduction of the H-depleted core mass (ΔM 2DUP ) as M ini approaches M 2DUP . 14 L. Siess: Grid of SAGB models and their fate Considering that stars with M ini > M 2DUP will not enter the TP-SAGB phase but instead pursue their evolution through advanced nuclear-burning stages, we can deduce some constraints on the parameter ζ which defines M n . According to this assumption, a necessary condition for a star to avoid iron core collapse can be stated as M n < M 2DUP which, after some algebra (see Appendix B for details), translates into ζ < ζ crit where ζ crit satis-
If no metallicity dependence of the mass loss rate is considered, our models indicate that ζ crit is weakly dependent on the initial stellar composition, varying between ∼70 and 90 for our considered metallicities (Table 3) . This result teaches us that if during the post C-burning phase the ratio ofṀ env toṀ core is larger than ∼70−90 (and if we discard a metallicity dependence on the mass loss rate), stars with M ini ≥ M n will never evolve into an EC-SN because in the absence of 2DUP the H depleted core remains more massive than M EC and the evolution proceeds, as for massive stars, up to iron core collapse. Stated otherwise, the evolutionary path leading to EC-SN can only be accessible if ζ < ∼ 70−90 or equivalently if M n < M ini < M 2DUP . Note that in this context the definition of M mas should be revised to take into account the effect of the 2DUP and in practice should be set to M mas = M 2DUP . For typical values ofṀ core in the range 5 × 10 −8 to 5 × 10 −7 M yr −1 , the evolution to EC-SN re- quires thatṀ loss > ∼ 5 × 10 −5 −5 × 10 −6 M yr −1 for stars with M ini > M n . Such mass loss rates can be easily achieved by standard AGB prescriptions, provided they still hold for higher mass stars. Considering that realistic values for ζ are in the range [35−100] as estimated before, we see that the mass window for EC-SN (the region in Fig. 8 between 35 < ∼ ζ < ∼ 100) is relatively narrow and approximately constant in this case, of the order of ∼0.7−0.8 M . Using a more sophisticated and independent approach, Poelarends et al. (2007) came to the same conclusion: the mass window for EC-SNe varies dramatically with the dredge-up efficiency and mass loss rate, i.e. on ζ and using their solar metallicity models, it ranges between 0.2−1.4 M . The small mass range for which a star can evolve to EC-SN strengthens the argument developed by Podsiadlowski et al. (2004) that binarity might provide a better channel for this evolutionary path.
If we now account for an explicit dependence of the mass loss rate on Z, according to Eq. (B.4) the value of ζ crit increases as the metallicity drops. For example, at Z = 10 −4 , ζ < ∼ 700−900. According to our criterion and if we adopt the same estimates forṀ core as before, lower metallicity stars need to develop stronger winds than their solar metallicity counterpart to avoid the EC-SN. This is at odds with the generally accepted idea that mass loss rate efficiency decreases with metallicity. Therefore, as pointed out by Gil-Pons et al. (2007) , the rate of EC-SN must have been larger in the past. In this section, we investigate how these different transition masses are connected to the core properties during He burning. We have estimated from the data provided in Fig. 10 , the Our models indicate that the critical CO core mass is weakly dependent on the initial composition. Stars with M ini = M up have on average M He up equal to ∼0.783 ± 0.015 M and ∼0.896 ± 0.018 M for the models without and with overshooting, respectively. The difference of ∼0.1 M between these values is related to the fact that, for a given core size, the models without overshooting have a larger initial mass. Therefore, at helium exhaustion, they contract more efficiently, releasing additional heat which facilitates carbon ignition. Concerning the critical core mass above which an iron core forms, we find that M is relatively constant below Z = Z with a mean value of 1.050 ±0.012 and rises at high metallicity, as a consequence of the initially higher He content in these models (Fig. 1) .
The critical
In summary, if at the end of He burning, the CO core mass is less than 0.8 M , the (single) star will never ignite carbon, if it exceeds 1.05 M the 2DUP will not occur and if it larger than 1.25 M , the evolution will proceed through all the nuclear burning stages. As confirmed by this study (see Pols et al. 1998) , for a given treatment of convective mixing, these limiting CO core masses are almost independent of the initial composition.
Summary and final comments
We present new results of extensive computations of SAGB models up to the end of C-burning covering a large range of initial masses and metallicities and accounting for the presence of core overshooting. All the data are available at http://www-astro.ulb.ac.be/∼siess/database.html with the hope they can be useful for synthetic computations.
Analysis of the data indicates that prior to C-burning the evolutionary properties of the SAGB stars are very similar to those of lower mass stars and in particular the chemical signatures of the 1DUP are basically identical. The evolution starts to diverge at C-ignition. Carbon burning proceeds the usual way: a flash followed by the propagation of a deflagration front to the center. Less massive stars develop more degenerate cores and ignite carbon at larger radii through more energetic C-flashes. After the passage of the flame, some unburnt 12 C can be preserved in the core but significant traces (mass fraction > ∼ 0.015) are only present in the least massive models which are not thought to follow EC-SN. The main observational difference between SAGB and intermediate mass stars is probably the strong He enrichment that follows the second dredge-up. In our models, this enrichment can be as large as 40−50% reaching Y 0.26−0.40, clearly identifying SAGB as potentially strong contributors to the galactic helium production.
Our models also enable us to determine several mass transitions and to analyze their dependence on metallicity, mass loss and core growth rates. The transition masses M up , M n and M mas present a nonlinear behavior with Z characterized by a minimum around Z = 10 −4 which is connected to opacity effects and to the higher efficiency of the pp-chains at lower metallicities. These values are extremely sensitive to the treatment of mixing at the convective boundaries. When core overshooting is taken into account, the values of M up , M n and M mas are lowered by ∼2 M . We also outline the insidious numerical effects associated with the modeling of central He burning which can strongly affect the size of the convective core.
The fraction of SAGB stars that evolve into the WD or neutron star channel depends critically on the interplay between mass loss and core growth. The large uncertainties associated with these parameters prevent a precise estimate of the initial mass range that leads to EC-SNe which appears to be restricted to a very narrow mass interval of typically less than ∼1 M in width. We show that the existence of a supernova channel for SAGB stars is intimately connected to the second dredge-up phenomenon. Using this evolutionary link, we have been able to infer some constraints on the parameters defining the final fate of SAGB stars. In particular, we have determined that the ratio of the mean mass loss rate to the mean core growth rate during the post C-burning phase ζ (=Ṁ loss /Ṁ core ) must be less than ∼70−90 for EC-SN to occur because, for higher values of ζ, the second dredge-up is avoided and the star evolves as a massive star through iron core collapse SN.
The minimum mass for an ONe WD derived from our models is about 1.05 M . This is in agreement with the recent simulations of Gil-Pons et al. (2005) of primordial SAGBs and with the indirect determination of Wanajo et al. (1999) who constrained the WD mass by fitting the nucleosynthesis signature of ONe novae with observations. The evolution of SAGB stars is particularly sensitive to the physical assumptions and numerics. It is thus highly encouraged that additional computations of models in this mass range be made, both to explore the parameter space and also to gauge the uncertainties associated with the use of different stellar evolution codes. Ultimately these models will enable quantification of the role of SAGB stars in the chemical evolution of galaxies.
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Appendix A: Analytical fits
In this appendix, based on our large set of computed models we provide analytical fits to several quantities including core masses and dredge-up depths as a function of mass and initial composition. From Figs. 6, 9 and 10 the relations between the different masses and the initial model mass M ini are quite linear and, to a good approximation, may be approximated by
where the coefficients α and β depend on the initial helium content Y and metallicity (Z) and are derived using a LevenbergMarquardt iterative χ 2 -minimization method (Press et al. 1992 ). The derived formulae have a relative accuracy δ := ΔM/M < 4% and an absolute error of at most Δ := ΔM < 0.1M . The relations presented below do not include the overshoot models.
The ONe core mass at the beginning of the SAGB phase M with Δ < 0.04M and δ < 3%. Using the same interpolation formula as Iben & Becker (1979) , we derived (from Table 3 
As stated in Sect. 5, a necessary condition for a star to avoid iron core collapse can be formulated by M n < M 2DUP . Using Eq. (A.4) and the fact that by definition M
crit , we find that the condition finally writes (-5) 
